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The multichannel scattering theory is applied to the (2,2) sector of the (non-static) Lee model.
Rigorous expressions for the transition amplitudes for two-fragments channels are derived. These
expressions contain all effects of off-shell renormalization in a complete and consistent way. With
suitable identification of the elementary fields of the model the reactions considered correspond to
a simplified description of elastic proton-proton and pion-deuteron scattering and to pion absorp-
tion on the deuteron. We obtain a two-body equation for the description of the elastic proton-
proton scattering and an extension of the two-potential formula for the pion-deuteron scattering,
which can be cast into the form of the multiple-scattering series.

1. Introduection

Recently, the Lee model [1, 2] has been used for
studying the structure of a field-theoretical few or
many-body problem [3—5]: Schmit and Maillet [3]
have investigated the NN@ sector ((2, 1) sector in
the notation of Ref. [5]) as a model for z-nucleus
scattering in order to test the validity of multiple
scattering theory, Petry and Sawicki [4] have con-
structed solutions of the (2, 2) sector with the help
of generalized Fadde’ev techniques whereas Ref. [5]
was devoted to an analysis of renormalization cor-
rections to the many-body ground state energy of
the sector (27, n) (n — o).

The present paper is an extension of the investiga-
tions of Ref. [4] with the aim of constructing the
S-matrix for two specific two-fragment channels
of the (2, 2) sector, called V-V channel and 6-d
channel (see Section 4). If the three elementary
particles of the (non-static) Lee model are identified
as proton, neutron and positively charged pion, the
corresponding reactions represent simplified models
for proton-proton scattering induced by two-pion
exchange and for z+-deuteron scattering where 7+-
proton scattering is given by crossed diagrams and
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iterations. Also the reaction #+-+d—p-p is then
described within this frame.

Application of standard multichannel scattering
theory leads to formal rigorous expressions for the
relevant transition operators which have to be
determined from suitable extensions of the Fadde’ev
equations. An analysis of the results will be used to
elucidate some problems of intermediate energy
physics:

i) Because the renormalization problem is rigor-
ously solvable within the Lee model, the question
of (off-shell) renormalization corrections for the
scattering processes (and bound state problems) can
be investigated.

ii) The role of the ‘“new kind” of three-body
potential discussed in Refs. [4, 6] (see Figure (3)
can be revealed.

iii) The question of the validity of multiple
scattering theory [7] discussed in Ref. [3] for the
(2, 1) sector can be studied for the more complex
(2, 2) sector yielding a special representation for the
elastic 7—d scattering amplitude (see Section 9d).

iv) The exact Lee model results for the scattering
amplitudes for the reactions nt+d—>nt-4d,
p+p—p-+pand zt+d—p-+p can be compared
to those of Mizutani and Koltun [13], who treated
a more realistic field theoretical model in an ap-
proximation, however, where off-shell renormaliza-
tion corrections were neglected and effective cou-
pling operators had to be introduced phenomeno-
logically.
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We give a brief survey of our paper: in Sect. 2
we recall the definitions of the non-static Lee model
and of renormalization which have been presented
in detail in [5]. Section 3 presents the general
formulation of the scattering theory and its applica-
tion to the simplest two-body scattering cases, i.e.
0+N—-606+N, 0+-V—-0+V, N+ V—->N+V. In
Sect. 4 we define the relevant channel states for the
(2, 2)sector and derive the fundamental equation
for the associated scattering state in the 6-d
channel using the techniques of standard multi-
channel scattering theory [9, 10]. In preparation
of a detailed analysis of the transition operators
of interest we present in section 5 a discussion of
the structure of the resolvent operator in (2, 2)
sector. The emerging results for the transition am-
plitudes for the reactions 6 +d—0+4d, V4V —
V+Vand 6+4+d—V +YV are displayed in Sects. 6,7
and 8, respectively. The structure of these results
is discussed in Section 9.

II. Definition of the Lee Model and Renormalization

We use the notations of Ref. [5] which we recall
very briefly: we define by V", Nj ,a; the creation
operators of the fermions V, N and of the boson 0,
o, B, k are compact notations for all quantum
numbers to specify these particles. We use finite
volume normalization and discrete sums, for con-

venience. The Lee model Hamiltonian is then de-
fined by

H=H}+ W, 2.1)
where
H) = ZEg VivV,+ ZEﬂN;Nﬁ
a ]
+ wa,;F ax,
w=> W‘,,,,c VI Ngax +h.c. (2.2)

The specifications of the single particle energies E2,
Eﬁ, wr and of the interaction matrix elements
W0 are taken from Ref.[5], the conditions on
form factors contained in the quantities W3 are
discussed in Section 9a.

Sectors (q1,g2) are defined by the eigenvalues
q1, g2 of the symmetry operators Q;, @2 (commuting
with H) where

Q=2 Vi Va+ D Ni Ng,
a B

— z VaVa+ ,kZak* a. (23)
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The investigation of the most simple, non-trivial
sector (1, 1) yields the following definition of re-
normalized V-particle energy E, and renormalized
interaction matrix element Wygy [5]:

Ey= Eg + ha(Ea) s

ha(z) = % | Woee|2/(z — Eg — wp), (2.4)
Waﬁk = Wgﬂk/za (Ea) P
(2.5)

Ziz) =1+ ﬁzk: | W |2/

{(z — Ep — ox) * (By — Ep — wp)}.
We assume that the parameters of the model are
chosen in such a way that E, is real. Simple off-shell

renormalization corrections are described by the
dressing factor r¢(z) given by

ra 2 (2) = Z3(2) |25 (Eq)
=1 (z —Ea) ; | Wotﬁklzl
{(Ba— Eg— wr)2% (z — Eg — wg)}-

(2.6)

The bound state eigenfunction of the renormalized
V-particle is

Yo = ~+|O> V:EZ;I(Ea)V;— +-Qa,
Qq ES Z IVaﬁk ﬂ a]j_ (Ea —_ EB — (/)k) . (2.7)

It is useful to redefine the initial Hamiltonian in
the following way

H=H,+ Hi,
Ho=3 BaVi Vat 3 EaNy Np
-i- Zwkak ar,

=W — S ha(B) Vi Va. 2.8)

III. The “Two-Body” Sectors with one Unrenormal-
ized Particle

1. General Formulation of the Scattering Theory

Our starting point is the application of the multi-
channel scattering theory [9, 10] whose conditions
are fulfilled in a Lee model with massive particles:
the basic concept of the theory is the definition
of the “free” channel states [11]. A wave packet
constructed from ‘““free” channel states will be for
large times an eigenfunction of the full Hamiltonian
H describing the independent motion of two frag-
ments since the forces between the fragments are
of a particle exchange nature and, therefore, of
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short range. The normalization of the channel states
is chosen according to the standard conditions
(delta-function plus bounded, square-integrable
kernel, see Eq. (III. 21) of [9]). A channel scatter-
ing state 9 with correct boundary condition and

normalization is then associated with a ‘“‘free”
channel state ¢ by the equation
|1p(i)>=Iim(iis)G(E:{;is)|q)>, (3.1)
e—>0

where G (z) = (z — H)™! satisfies the equations
= Go(2) + Go(2) H1G(2),

Go(2) = (z — Ho). (3.2)

For the case when (at least) one of the fragments
consists of an unrenormalized particle (N or 6)
one gets a simple form of the scattering state. For
instance, consider a 0-particle with momentum k&
scattered off any target |y,> (N,V, deuteron or
nucleus) with momentum ¢, where H | yo> = Eq | yg)-
The “free” channel state is then given by

Pre =% | Yo - (3.3)
We can then use the equations
Hoaf = a;f (Ho + wi),
Go(z)ai = ait Go(z — i),
which by (3.2) yield
G(2)ai = af G(z — wy)
+ G (2)[H1, 016G (z — wz),

(3.4)

(3.5)

and the basic equation for the scattering state
becomes (see also [8])

|92 = & |y (3.6)
+ G(Bq + wr & i &)[Hr, o ]| vo) -

The transition operator T for 6 —y scattering is
defined by

<okl vhe
= O0rk0gq — 270 (Eqg+ wx — Ey — wp)
A prg | T @) Qo) o= Bt an-ties (3.7)
where
(pra | T ()| pre> = <po | a[Hr, o 1|y
+ (ye | lar, HYlG (2) [H1, ;1| yo) -
The analogous formulation holds for N — y scatter-

ing. Now we shall consider the most simple ex-
amples.

(3.8)
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2. 6 — N Scattering

The simplest case is § — N scattering described
within the (1, 1) sector. The “free” channel state
is here

Prs = af | B> * (3.9)
and the transition matrix takes the form [5]
KB |z()| kB>
= z W:ﬁ’k’ IVotﬁlc"?; (2)/(z — Eq),
= 2=Eg+or+iec. (3.10)

3. N — V Scattering

We consider now the (2, 1) sector, which is com-
posed of two particle VN- and of three particle
NNG0-states, with corresponding projection opera-
tors P; and @;, where

P= Eﬂ:]“ﬁ><ﬂ°‘l ;
@Q=1—P = %ﬁ;klﬁﬂ'@ BBE|. (3.11)

The “free” channel state for NV scattering is
@ga= N, g- |'I’a> .

The commutator entering (3.6) takes now the form
[H1, NF17S[0) (3.12)
o gj «BY< | BT () V1) | D | o= pas ks

where the operator Bj(z) is given by
Bi()|apy = 274 (= — Bp) |« (3.13)
and the effective N-V potential V(z) is defined by
@B Vi) ap>
= — Z Wa'ﬁk Wfﬁ:kra (Z — Ep) To’ (z o Eﬁ')
x
1
z— Eg == Eﬁ' — Wk

(3.14)

(see Figure 1).

According to (3.8) and (3.12) one has now to
calculate P;G(z) Py which after some algebraic
manipulations (see Appendix A of Ref. [5]) takes
the form

P1G(2) Py = P1* B1(2)G1(2) B1(2) P,

G1(z) = (z— Ho— Vi(2)) 1. (3.15)

* We use the notation V:|0) = |a), N5|0> = |,
Njai |0) = | Bk) ete. (|0) is the vacuum state) through-
out this paper.
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Fig. 1. Diagram yielding the effective one theta exchange
potential V1 (on-shell). The double line stands for the
V-particle, a solid line for the N-particle and a dashed
line for the 6-particle.

Consequently, the transition matrix for N-V
scattering can be written as

(pprar| T'(2)| gaay = <o’ ' |t2() | 2B,
where #; is the solution of the standard two-body
Lippmann-Schwinger equation

t1(2) = V1(2) + V1(2) G1(2) V1(2)

= V1(2) + V1(2)Go(2) t1(2) .

(3.16)

(3.17)

4. 0 — V Scattering

The structure of the solutions of the scattering
problem in the (1, 2) sector is quite analogous to
that of the (2, 1) sector. In fact, if we would have
chosen the convention that V, N and 6 should be
bosons of the same intrinsic type (e.g. scalars), the
Lee model Hamiltonian would be invariant under
the permutation N<-0, Egowr, Wog<Wyhs,
yielding @1<-Q2 and a mapping (1,2)<(2,1) of
the two sectors under consideration. In our case,
there is still a strong similarity. Consequently,
channel scattering states yj describing 6-V scatter-
ing are associated with the channel states

Pka = a]_: Yo (3.18)

through (3.6). As in the case of N-V scattering,
the states wi, define a transition operator t»(z)
whose on-shell matrix elements describe -V scatter-
ing. The operator ¢3(z) can be easily shown to be a
solution of the integral equation

ta(z) = Va(2) + V2(2)Go(2) t2(2),

which is a two-body equation valid in the space
of the states of the type |ak) and where the two-
body 6-V potential Vs (2) is given by
{ok|Valz)|o' k"
= > Wapr Wipera(z — wx)
B

Ta(z — op)(z — Eg — o — wy’) .

(3.19)

(3.20)
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\\
Fig. 2. Diagram yielding the effective 6-V potential Vg
(on-shell).

V2 (z) corresponds to an effective 6V potential de-
fined through the “‘crossed” diagram (N-exchange
graph) of Fig. 2 and includes renormalization cor-
rections [5] via the dressing factor ry(z).

IV. 6 —d Scattering-Preliminary Result

The aim of our paper is to describe the reactions
of the type 6+d—60+d, V+V-V+V and
0 +d-V +V, which are special cases of the reac-
tions possible within the (2, 2) sector of the Lee
model. (The d-particle will be defined below.) The
Hilbert subspace corresponding to the (2, 2) sector
is composed of three pieces with projection opera-
tors P, @, R where

P=1>|aadad],

Q=2 |apky<apk],

R=12|Bp kK BHEK].
The “free” two-fragment channel states correspond-

ing to the scattering of a -particle from a d-particle
with state function y, are given by

4.1)

Akp = 4% Yy, (4.2)

whereas channel scattering states corresponding to
the collision of two (dressed) V-particles are gener-
ated from the “free” channel states

yuow = Vi |war> = P V(0. (43)

The second case will be discussed in Section 6. In
order to guarantee the existence of the 6—d channel,
we assume that the parameters of H are chosen in
such a way that there is a bound state, called
d-particle, living in the (2, 1) sector. We denote the
eigenfunction and eigenvalue of this ‘‘deuteron”-
like state by v, and Ej, if the d-particle has total
momentum p. Thus we have that the P;-subspace
projection (suitably normalized)

P = Bfl(Ep) Piyp
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obeys the equation [12]

(Ho+ Vi(Ep) p = Ep@p-
The eigenfunctions y, are then related to ¢y
through [5] (4.5)

] 1
Yp = (1 + Q1mQ1W) P1B1(Ep)pp-

(4.4)

These functions can be shown to be correctly nor-
malized when the states ¢, are chosen to obey

{pp|1 +n|@p) = bpp’

1265

where the operator n is given by

{aB|n|a’ B (4.6)
_ Z Woap'k W:"pkra (Ep — Eg)ror (Ep — Ep)
k

(Ep — Ep — By — wi)?
In order to apply (3.8) for the calculation of the
6—d scattering matrix we consider first the action
of the commutator terms on y, yielding
[Hy, @ ]| pp) = PH1QB3a; | pp)
+ @B3* Vasail | pp)

4.7)

V23 = Va2 + V3 (we drop in most cases the argument z = E,, +wy + i ¢ in the operators), where
Bs(2)|aBky =Z; ' (z — Eg — wi) |« k),

<tx'ﬂ'k'l Vg(z)locﬂk> = 5‘9'3<0L'lc'| Vz(z — Eg)lak) ’

(4.8)

' B'H | Va(2)|afbk) = Wogne Wagprar (2 — B — wpr)ra(z — Bg — ox)/(z — Bg — wx — Bgr — o).

The 6-d scattering states take the form

| 9> = aif | vp) + G (2) {PH1QBs + QB3 * Vas} a; | pp)

(4.9)

and the transition amplitude for elastic 6—d scattering appears as the matrix element of an operator 7'q(2)
sandwiched between pure three particle (VNO) states a; | gp):

<xwl TI xkpy = <aif ?p| T<l|“l-:F )

= <aif gp'| Ves + (BsQHP + Va3 By Q)G (2) (QB5 * Vas + PHQBs) | aff ¢p) . (4.10)

The structure of the resolvent operator G(z) is of general interest for our investigations and will be

discussed in the next chapter.

V. The Structure of the Resolvent Operator in the
(2, 2) Sector

Now we want to express all matrix elements of
the full Green operator G (z) in terms of renormal-
ized quantities only. Using the projection operators
P, Q, R and Eq. (3.2) we obtain a set of equations
for PGP, QGP and RGP (we again drop for sim-
plicity the energy parameter z in most places):

PGP = PGy P + PGy PH; PGP
+ PGy PH1QGP,

QGP = QGoQH1QGP + QGoQH PGP
+QGoQH1 RGP,

RGP = RGoRH1QGP.

After eliminating RGP one obtains
PGP = PGy P + PGy PH1 PGP
+ PGy PH1QGP,
QGP =QGoQ{H1 + H1 RGy RH{}QGP

+ QGoQH1 PGP. (6.1)

The operator in the bracket can be decomposed in
the following way [4]:
QH1Q + QH1 RGo RH1Q

=6h3+B{1(V1+V2+ Vs)B‘c‘—l, (5.2)

where all operators on the RHS of (5.2) are defined
in @-space.
Oh3(2) |a k)

= {ha(z — Eg — i) — ha(Ex)}| 2 fk>

= (2 — Ho) (1 — B3 *(2))| 2 B>,
B | Vi(z)| Bl

= Opx <o’ B'| V1(z — wi)|a B,
and the other operators are given by (4.8). We want
to stress, that the operators V; and V. are the
standard two-body interactions emerging from the
corresponding VN and V6 subsystems, whereas V3

is a new type of disconnected three body force first
introduced by Stingl et al. [6] (see Figure 3).

(5.3)



Fig. 3. Diagram yielding the effective three-body poten-
tial V3 (on-shell).

1. Modified Fadde’ev Equationinthe Three-body Space

We now introduce operators §g, 9o, g3 and T's by
1

jo@)=Bs —p—5 _—p,—7, 5 (4
= Bsgq Bs = Bs(gs + 93 T'393) Bs,
where
93(z) = (z — Ho — V3)™1 (5.5)
and T3 satisfies the integral equation
Ts=(P1+ Vo) + (V1 + Va)gsTs.  (5.6)

The resolvent gs(z) is related to the transition
operator I3(z) through

g3 = Go + Go 3Gy, (5.7)
where 13 is the solution of
I3 = V3 + V3Gois. (5.8)

It has been derived in Ref.[4] that the correct
disconnected diagram summation of (5.8) is pro-
vided by first determining ¢, by

ty = V3Go Vs + V3Gy V3Gl (5.9)
and then the operator #3 through
I3= Vs + 1+ V3G0) ty. (5.10)

Having (in principle) solved for 73, the suitable
summation of (5.6) is performed in analogy to [4, 6].
We define

Ts=Ty+ Ts (5.11)

P =73 |oaras) (s,

Q1 = | Biao) (Bioz|,
Q2 = 2 |01 Ba)(ou Bs|,
R = > |B1B;)(B:1Bs|,
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with
Ti=Vi+ VigsTs, i=1,2. (5.12)
Since (1 — V;Go)~1 Vi=1; where the operator #(z)

(¢=1, 2) are given by the off-shell subsystem transi-
tion operators f;(z) and #2(z) (see Sect. 3) through

<aﬂk| fﬂz)]a'ﬂ'k'}
= {af|t1(z — wr)| ' B> Skr ,

{afk|iz(z)|o' B'K> (5.13)
= <txk| ta(z — Ep)| o' k") 0gs.
(5.12) is equivalent to (5.14)

Ti1=t+4+41Go T2 + tGot3Go(T1 + T),
To=1 4+ 1G0T, + LGoi3Go(T1+ T2).

The system of integral equations (5.14) constitutes
the modified Fadde’ev equations for 7'3. Since
11Gol3 and 73Go i3 are given by connected diagrams,
these equations contain a genuine, nonsingular,
three-body force as a new feature.

2. The Structure of the Resolvent g3(z)

The operator V3 has a special disconnected dia-
gram structure (see Fig.3) which has the conse-
quence that the resolvent gs can be related to the
solutions of a simpler problem, namely to the re-
solvent of the ¢;(1)=¢2(1) =¢1(2) =¢2(2) =1 sec-
tor (called 1-sector) of the direct sum of two in-
dependent Lee models with the Hamiltonian

A=HQ1)+HE@). (5.15)

Here, H (1) is generated from operators V,(1),
Ng(1), ag(1) ... and the matrix elements E°, Eg,
ok, Wl by the same prescription as in (2.1), where-
as H (2) is constructed correspondingly from opera-
tors V«(2), Ng(2).... Using the abbreviation

B = (Bk), (5.16)

the 1-sector of the model H in (5.15) is given by the
projection operators P, @i, Qs, R with

laroe) = Vel (1) V5 (2)] 00,
| Biae) = Nj; (1) aif (1) Vi (2)[ 05,
|e1 B2) = Vi (1) N5 (2) a, (2) |0,

| B1 B2) = N (1) agf (1) N, (2)ag; (2)0) .

(5.17)

We have the (non-invertible) mapping I from the 1-sector of A to the (2.2) sector of H given by

I|ayae) = |a1ae),
I| Biog) = | Biaz) = — |a2 By,

Ilale)z Iale>= V;N[;ta,;*;l()),
I| By B;) = | B1 B2y = |f1fakiks).

(5.18)



M. Sawicki and D. Schiitte -

The (unrenormalized) resolvent §s(z) defined by

o 1

PO =@y — ok ) — Bi 1) s B ) ©
= @Bs3(2)g3(2) B3 (2)Q (5.19)

is now related to the operator §(z) acting in the
1-sector, where

90 = e 0. T=Qu+@s,
S§=Q+ R, (520)
by the mapping I through
Gs(z) I = 14(z). (5.21)

The proof of (5.21) is given in Appendix 1. Since
IW|aroe) = Wlaraz),

W=W(Q1)+W(@Q), (5.22)
we have
Ga(2) W |oraz) = I§(2) W|arxz), (5.23)
which yields for «; == s
{aroz| Wis(z) W|aroz)
= (ro2| W§(2) W|araz). (5.24)

Here, we have made use of the fact that for «; a2

I-1w [ a1 a2y = linear space spanned by

(W] az), — Wazaz)), (5.25)
so that II-1W|aiae) =W |o1ae). It has been
shown in Ref. [4] that the nondiagonal matrix ele-
ments of PW§s(z) WP are zero so that only the
matrix elements of (5.24) are relevant. Using
PAQ= PAS we see from (5.24) that

(araz|z — H) — PWgs(2) WP| oy 2>

= (0(1 o2 I z— He“ (Z) l o1 0(2) ’ (5.26)
where

Her(z) = PAP + PHS SAP (5.27)

SS

is an effective operator in the P space. Introducing
eigenfunctions ¥ip of H with HW¥io=E12¥1e
(BEr2=E, +E,) and P¥i2=|ojas)=12) given
by (see (2.7))
Y’lz =1+ 921(1»( +22.2)[12), (5.28)
Z I’V0 ﬁ aL Va/(Ea _— Eﬁ = a)k) 5

we have
Hett(E12)|12) = E12|12),

SY¥12 = (B2 — SAS)18H|12). (5.29)
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Thus the lhs of (5.20) becomes zero for z= Ej2
which justifies the factorization

P(z— Hy — WQgs(2) QW) P
= PA-1(2)(z — Ho) A~ (2) P, (5.30)
where A4 (z) is the diagonal P-space operator:
A() |a1 ag) = Agyq,(2) [al az),
Aga@) =1—(z— E12)! (5.31)

(12| W(G(2) — §(E12) W|12).

(5.31) shows that the operator 4 (z) has the on-shell
property

Agz,(E12)
=1+ (12| WS (B2 — SAS8)-28W |12)
= (V12| P12) = Z;,(E,,) * Zg,(By,) - (5.32)

In order to reveal the structure of 4 (z) in connection
with renormalization, we show in the App. 2 that
we have

§z) W|12)

= (1 — (2 — F12)§(2) p(2) 2] 12) (5.33)
with
?(2) |« B) = Z3(z — Eg — wi) |« B),
#(2)| Ba) = Z%(z — Eg — wy)| Ba),
B=ak, =200 (1)+92,2).

This yields for the matrix elements of 4 (z) the form
A7) =1— (12| Wj(2) p(2) 2] 12) (5.34)
and
Agza(®) — Aqz(B12) (5.35)
= — (2 — E12) (12| Q05 9(2) § (2) P (x) 22| 12).
(5.34) and (5.35) are also valid in the (2.2) sector
of H with the substitutions
| 12) - l a10(2> ) 9(1)2 - (an + 'Qa:) »
g(z) —gs(2)
which is easily proved by making use of the opera-
tor 1.
(5.35) leads to the definition of the two-body
dressing factor Ram (z) through
Rcuan (z) = a;an )/Aouas (E12) (536)
=1— (2 — Ero) 2| (25 + 25))
- 13(2)3(2)73(2) (2, + Lo,) |1 22D,
where

)| k) =rq(z — Eg — i) | fk> . (5.37)
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3. The Effective P-space Interaction

Now we want to make use of results of Sect. (5.2)
in order to reveal the structure of the projected
operator PGP.

Therefore, we first make use of the definition
of §g in order to get the expression for QG'P given
by (5.1"):

QGP = joQH PGP. (5.38)

Substituting this result into the corresponding
equation (5.1") for PGP, we obtain (5.39)
PGP = P[z — H} — PWQ§oQWP]1P

= Pz — H} — PWQB3g3 BsQWP
— PWQB3g3Tsg3s BsQWP]1P.
Using the result of (5.30) we rewrite the (5.39) in the
form
PGP = PA(z)(r — Ho— Vp) LA(z) P

= PA(2)gp () A(2) P, (5.40)

where we have introduced the effective two-body
P-space operator V), by

Vp = APWQng;; nga B3QWPA . (541)

The potential ¥, has a completely renormalized
structure and with the help of (5.33) and (5.36)
can be cast into the form
ooz | Vp(2)| oy az)
= (uoz| F+(2)QT3(2)QF (2) | s>
with
F(2)| 102 = g3(2) B3 (2) QHPA (2) | oty 2>
= Ryy0, (2) (1 — (2 — E12)
“93(2))75 ! (2) @ A -

(5.42)

(5.43)

4. The Effective Q-space Propagator

Now we want to find a convenient expression for
the remaining projections QGQ and PGQ of re-
solvent G (z). To this end we repeat the projection
technique already presented in Chapt. V.3 and we
obtain, after elimination of RG@Q, the equations

QGQ =QGoQ + QGoQ[H1 4 H1 RGy RHj)
‘QGQ + QGoQH PGQ, (5.44)
PGQ = PGyPH1PGQ + PGyPH1QGQ.

Using the definitions (5.4) of g we obtain from the
first equation

QGQ = jo + §oQHIPGQ, (5.45)
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which, substituted into the second equation (5.44),
yields, with help of (5.40) and (5.41), the final ex-
pression for PGQ (comp. (5.38)):

PGQ = PAgpAPH1Q§, . (5.46)

This result allows us now to find a convenient re-
presentation of the operator QGQ:

QGQ = o + joQH1 PAgp APH1QFo. (5.47)

VI. The Final Expression for 6—d Scattering

Amplitude

Now we are able to reformulate our first result,
4.10, for the 6-d transition amplitude in terms of
renormalized operators obeying suitable Fadde’ev-
like equations. To this end we use the results of
Chapt. 5 for PGP, QGP, PGQ and QGQ and obtain
the following expression for T'q:

(alj- ‘PIJ — |kp>) )

Cep| Ta| k' p'> = <kp|Vas + VasgqVes

+ (1 + V3gq) BsQHPAgp APHQBs

“(9q Vs +1)| K.
Analogously to the procedure of Sect. (5.1), the
operator T'q can be constructed from the “‘sub-
system” transition operators #;, f» and from i3
through suitable integral equations of the Fadde’ev-
type. Herefore, we analyse the structure of the first
part of 74 yielding

T = Vas+ VazgoVes

= Vas+ Vas(z — Ho— V1)1 T
— Tz + Ts.
Here, the operators Ty and T's are given by

Ti=Vi+ Vi(z— Ho— V1)1 (T2 + T3),

1=2,3 (6.3)
and they are, therefore, the solutions of the follow-
ing system of Fadde’ev-like equations: (6.4)

Ty =1ty + 1.Go Ts + 12Go 11 Go (T2 + T'g),

T3 =13 +13G0 T2 + 13Got1Go (T2 + T's).
These equations are quite analogous to (5.14), we
only have the replacement f;<-I3; they also con-
tain a nonsingular three-body force.

The transition operator 7'q for 6—d scattering is
then given in terms of 7' and g, through

(pk| Ta|k'p'> = <kp| T+ (1 + Tgq1) (6.5)

- B3QWPAg, APWQBs(g: T+ 1)|k'p'),

(6.1)

(6.2)

where
g1 = Go + Got1Go.
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Note that (6.5) is formally analogous to the (2.20)
of [13]. The first part 7' represents all diagrams cor-
responding to the direct three-body scattering (in-
volving only four-body intermediate states), where-
as the second part of (6.5) describes the effects of
the coupling to the VV channel. We point out,
however, that our formulation includes in a sys-
tematic and consistent way all renormalization
effects (i.e. both mass and coupling constant re-
normalization).

7. The V-V Scattering Amplitude

We consider the collision of two physical V-par-
ticles with momenta «; and a2, so that the ‘“free”
channel state is given by (4.3). According to (3.1)

66 P& = VL -Gl — Eo)+ G0 ([, VL1 — > Wia Ny 0} 6(e — Ba),
Bk
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the scattering state is generated by
| Yosaey = lim (L1 e)
e—0
“Q(By + Eyy +18) Vol |- (7.1)

We want to commute the resolvent G(z) with
operator V7. To this end we commute first Gy (z)
with 7} Because |y, is not an eigenstate of Ho
the commutator becomes more involved in compar-
ison to that of (3.4). Using (2.7) for V7, the result is

Go(2) Vi = (P — Q)
‘Go(z —-Ea) —I—Go(Z).Qa.

Putting this into (3.2) and regrouping the terms we
obtain

(7.2)

(7.3)

which is analogous to (3.5). Consequently, (7.1) yields for the scattering state

|1pc(x:1ta)a> = Va-tt Iwas> + G(z) {[HI’ Va-:t] - Z W:lﬂk'N;- a;} l'/’az>12=Eal+Ea,:|:iu
Bk

which generalizes (3.6).

(7.4)

The essential point is now the evaluation of the bracket term applied on |y,,>. We easily find that
{[HI’ V;;] - z W:lﬂkN;- Qlj_} ] "pae> = HI V;; I'Pa.> - V;; HIl '/’m> + V:;H].l V’m>
Bk

=QWI—IW) V5 (1) VL (2)]0),

(7.5)

where we use the definitions (5.22) of W and (5.28) of | p12). The explicit calculation of the last line in (7.5)
is given in Appendix 3 and yields the following result for the scattering state

|95 = Vi | ¥a + G(2)@B5 ! Vi2gs Bs WA |10t | s, + By sie-

(7.6)

Introducing the V-V S-matrix in the standard way we obtain the following result for the matrix elements

of the transition operator 7':

<xa1'dl'| T |a1m> = <a],. a; l Tp I *1 a2> H
where

Cagog| Tp|aros) = <ayos| APWQBsgs V1s By 'QGQB;* V1ags BsQW PA |ay oz .

Taking (5.47) for QGQ and observing that the
identity

Vi2go = T'3g3 (7.9)

holds we obtain the final form of the 7'-matrix ele-
ments

Cagop| Tploaez)

= <°€1°‘;| Vo + Vpgp Vp|oaraa),
where use has been made of the definitions (5.40)

and (5.41). This shows that 7' is in fact the solution
of the standard two-body P-space Lippmann-

(7.10)

(7.7)
(7.8)

Schwinger equation
Ty = Vp+ VpGoTp. (7.11)

8. The Rearrangement Reaction 6 +d—V +V

The transition matrix for the reaction 6 +d—
V +V (with initial momenta %, p and final momenta
a1, o2 is given by
<"sz1_¢): l ngc;)> =—2mid (Eou + Eaa - EP - wk)
: <xa1aal Tl Lkp) > (8.1)
where
<xaux:| T I xl’k> = <1P<(zx_cz):i [HI’ al_:*] | 7Pp> W (8'2)
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Using (4.7) and (7.6) we may write for the right hand side of (8.2)

<x¢l¢1| Tl ka> == <1Pa:| Val PH]QB;;GI-: I ¢17> + <wa:| VouQBi;l V23alj- l <PZ7>
+ {araa| PAH1QB3gs V12 By 1 QG (2) PH1QBsa; | pp)

+ Car0e| PAH1QB3gs V12 By QG (2)@Bs * Vasaif | gp)

where z = K, + E,, +ie.
Taking into account that
PV | Yay = A1z,
QP | 9> = B3gs BsQH1 PA |a1z),
Edl + Eaa) ’
and recalling our results for QGP and QGQ, (5.38)
and (5.47), as well as (7.9) we arrive at the final
form of the transition matrix:
<'pouau| TI Yepy = o “ZI T'lkp> ’
where
Caraz| Tr|kp) = oroz| (1 + TpGo)  (8.6)
-APH1QBs(1 +¢g:7)| kp).

&= (8.4)

(8.5)

Our result (8.6) is again formally equivalent to that
of Mizutani and Koltun [13] (see (2.22)). The left
hand part (2| (1 + TpGo) is the P-space scatter-
ing wave function (i.e. the projection of the exact
scattering state on the P-space with suitable nor-
malization), whereas the term (1 +g; ') | kp) is not
a @-space projection of the exact 0-d scattering
state but contains only the contribution of the
direct three-body scattering going via the four-body
intermediate states (comp. (6.51)). We point out,
however, that within our model the effective cou-
pling operator 4 PH1Q B3 obtains a well defined and
renormalized form.

Discussion
a) The Limit hy —> 0o, Z2 — oo, 1o Finite

Our renormalized equations make a well-defined
mathematical sense for relativistic choices of the
functions Ey, Eg, wi and Wyegr, when hy(z) and
Z2(z) become infinite. In this repect, our ‘“Hamil-
tonian”’ formulation of the Lee-model yields very
similar structures to relativistic quantum field
theory — where Green’s functions are used for the
formulation and renormalization may be intro-
duced just as in (2.4) and (2.5) [18]. However, it
has been shown long ago [14], [16], that the transi-
tion to such a relativistic limit makes Z2(Ey) nega-

(8.3)

tive which is only consistent with a formulation
of the Lee-model with negative metric for the
V-particle — i.e. {a|a) = — 1.

This introduction of an indefinite metric still
makes a mathematically well-defined theory. For
our formulation of the V-scattering problems (V-0,
V-N, V-V scattering) where the V-particle takes
part as asymptotic state, we have to assume that
Yo is @ bound state below N—§ threshold. This can
be achieved with indefinite metric yielding a state
Yo With positive norm. However, in contradistinc-
tion to the positive metric case, y, then has neces-
sarily a bound state companion y, with energy
E,<E, and {y,|y,> <0 which invalidates the
unitarity of #; and ¢ even below threshold. This
can be most easily verified by remarking that the
renormalized equations (3.17) and (3.19) are still
valid with indefinite metric, but 4 becoming imag-
inary in this case (r; 2(z) changes sign at z=E,)
making V1 and V3 nonhermitean.

A physically consistent transition to relativistic
W gk, yielding unitary S-matrices — is possible if
|y is assumed to be a “bound state embedded in
the continuum” of the N-6 states. In this case, E4
becomes a resonance energy when H is defined with
positive definite metric, whereas with indefinite
metric E2 goes over into a pair of complex eigen-
values E,, EF of H with eigenfunctions of norm
zero [15], [16]. However, for our formulation of
scattering problems with asymptotic V-particles
such “ghost states” would make no sensible theory.

Thus our formulas for all scattering problems are
only meaningful if r,(z) does not change sign below
N-0 threshold (r«(z) becomes complex above this
threshold). Within the Lee-model a necessary and
sufficient condition for this is that Z2 (Ey) is positive
which implies Z2(z) to be finite. Thus we have to
include suitable form factors in the definition of the
matrix element Wyg to guarantee this.

b) Some General Features of our Renormalization

The introduction of our renormalization to define
Vi, Vs and Vp is useful even in the case where Ay
and Z, are finite. We mention the following points:
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i) The renormalized quantities Ey and Wagy have
a “natural” meaning in being directly related to
physical observables.

ii) The renormalized interactions V1, V2 and Vp
generate unitary S-matrices since they emerge di-
rectly from multichannel scattering theory.

¢) Structure of the Effective Two-body Interactions

We shall discuss the cases V-0, V-N and V-V
scattering separately.

i) The effective interaction V; and V3 have the
important property that the on-shell quantities

(ak| Va(Ba+ wp)| ' k"D
for Ey+ wr = Ey + oy,

{aB| Vi(Eox + Ep)|a’ B>
fOI‘ Ea + Eﬂ = Ea’ + Eﬁ'

are, because of r«(E4) =1, exactly given as contri-
butions of ‘“‘one-particle-exchange potentials” de-
fined in the standard way [5] by the diagrams of
Figs. 1 and 2 evaluated with renormalized energies
and interactions.

The ‘“‘canonical’”’ definition of these diagrams in
terms of H would involve unrenormalized quan-
tities. Thus the usual heuristic construction of OBE
potentials in terms of renormalized masses and
interactions is justified from the Lee-model by our
renormalization procedure.

Solving the integral equations with ¥ (z) or V3 (z)
implies the use of the off-shell vertex-renormaliza-
tion function r«(z) whose influence might be im-
portant [18], [6]. Such corrections could be easily
incorporated even in more sophisticated models of
the two-body scattering [17].

ii) The V-V potential V;(z) has quite analogous
structures compared to V1 and Vs: consider the on-
shell quantity

oraz| Vp( By, + By,) |y o)
for E,, +E,, =E, -+ E,,

and take T'3(z) in lowest order, i.e. T3= V;+ Vs.
One can easily verify that this potential matrix
element is then given by the crossed diagrams of
Fig. 4 evaluated with renormalized quantities. This
reproduces the intuitive construction of two-boson-
exchange potentials and represents a structure
which would be difficult to reveal in the formulation
of the effective interaction of [4]. It shows that on
shell and in lowest order, the effect of V3 — the inter-
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Fig. 4. Diagram yielding the lowest order on shell contribu-
tion to Vj(2).

action with the new type of disconnectedness [6] —
is completely absorbed in taking renormalized inter-
actions and energies for the evaluation the diagrams
of Figure 4. In fact, R ,,(z) and (z — E12)g3(2) 7« (2)
can be regarded as off-shell two-body vertex cor-
rections — analogous to 74(z) for V-0 and V-N
scattering — whose influence could be investigated
independently from solving the complete equations
for Vp(z). The importance of such corrections has
been stressed especially by the group of Wilets [18].

d) Structure of the 0—d Scattering

Within our formal investigation it will be most
important to compare the result for the 6-d scatter-
ing matrix with that of standard multiple scatter-
ing (or Fadde’ev) theory. Within such a standard
theory, the 7T-matrix would be given by

k| T|p ¥ = gpe| 72 + 73 + 72607
+ 73Go 72 + T2GoT1GoT2
+ | s (9.1)
where
e =0f ¢, ¢ =2 cBlap).
@5 would be the standard d-state wave function
with normalization {g3¢3»=1, and the subsystem

transition operators 7r(z) (k=1,...,3) would be
given by the standard two-body problems
V-N for k=1,

V-6 for k=2,
0-N for k=3,

taken suitably off-shell. In our formula (6.5) the
first term 7' has the structure of such a series when
setting 7 =1, but the remainder of 7' is missing.
However, with a suitable modification of the identi-
fications, 7'q can be cast into the form of the multiple
scattering theory: for this, we have to put 71 =1,
T2 =13, but the operator 73 has to be defined by

13 =13+ (1 + #3Go) 9.2)
« BsQWPAGyAPWQB3(1 + Gols) .
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The proof of this structure of 7'q is demonstrated
in Appendix 4. For a further discussion we first
analyse the properties of 73. This operator is related
to the resolvent of H (see (5.15)) via

73] = I 73,
g3 =go+ g0T3go, go(2) =1/(z— Ho)
=@z — A)14. (9.3)

Using the definition of (5.20) for @, §3(z) can be
decomposed into two terms

g-3 =§z+9_’,
gI —Ql' H Ql +Q27' H sz (9'4)
§'=Ql HQ2+Q2 HQI

Using (9.3), this defines a corresponding decomposi-
tion of 73:

3=1+ 7.
7z and 7' are generated by the diagram-classes
defined in Fig. 5a and b, respectively.

7z(2) is given by the N-0 T-matrix 7 taken
suitably (but non-canonically) off-shell:

(xB| ()| o BB
= Ona’ <ﬂk| 7 (8« (2)) | ,B’k'> .
Here, s4(2) is defined through

(9.5)

1 1
(BT—T “B)=(°‘B i Hi—H, “B)
1
_ , 72 I ’
= 8ue Z; (Ea)[<B gt B>
aB1 1 '
+Z(EG—EB1)2<B Z_H—'EBx B>]

(«) (b) (c)

Fig. 5. Decomposition of 73 into 7, and 7’ in terms of two
diagram classes of topologically different structure involv-
ing the off-shell 6-N transition amplitude 7 (z) represented
in Figure 5c.
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The notations are taken from sect. 5.2, Hy= H (k)
(k=1,2), | By=|pk). When 7(2) is slowly depen-
dent on z — which is expected for realistic cases —
75 together with 7; and 72 would generate the
multiple scattering theory result for 7q in the
standard form. The new feature of 7'q is, therefore,
represented by the additional term 7’ in 73. The
occurence of such an unconventional part has been
first recognized by Stingl and Stelbovics [6]. With-
in the Lee-model, we obtain a well-defined, re-
normalized expression for 7’(z). The investigation
of the influence of this term should be interesting,
and this could be done within the Lee-model or —
more realistically — by combining the Lee-model —
7’ (2) with operators 71, 72 and 7, representing well-
adjusted fits to the corresponding subsystem scatter-
ings.

It should be stressed, however, that wehaveobtain-
ed two completely equivalent representations of the
6—d scattering amplitude, (Egs. (6.5) and (9.1)).
On the one hand (9.1) is more directly connected
to the standard Fadde’ev theory making use of the
relevant subsystem scatterings V-N, V-6, N-0,
where the effects of V-V scattering are generated
rather indirectly by the modification f3— 73 in (9.2)
(see also Appendix 4). On the other hand the ex-
pression (6.5) for 7T'q exhibits a structure which is
of the type of the two-potential formula [20] for the
scattering matrix, where the first potential is re-
presented by the sum V;- Vs V3, whereas the
second potential describes the coupling to the inter-
mediate VV states, involving the V-V scattering
amplitude 7',. In this case, however, the effects
of N-0 scattering are contained in higher order
iterations of V3 and in the off-shell behaviour of
renormalized quantities. In addition to the un-
conventional 3-body term 7’(z), we have as a new
feature of the 6—d scattering matrix 7'q that in (4.4)
@p is defined with normalization (@p(1+n)@p> =1
whereas the standard theory works with
{@y| g9 = 1. Consequently, the multiple scattering
result of (9.1), using @) with (@ | ¢J> =1 has to be
multiplied by nynp-, where the factor n, is defined
by

yi=1+4 > cheEFap|n|a'p. (9.6)
Such normalization corrections are known from
standard many-body theory (see, e.g. Ref.[19])
and have to occur also for our §-d scattering. They
have to be interpreted as Pauli-principle effects
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from the 3-particle components of the d-state wave
function and they would not appear in a standard
theory of 6—d scattering.

e) Relation to the Theory of Mizutani-Koltun

When the particles V, N and 0 are identified with
P, nand z* our expressions for the scattering ampli-
tudes for nt+d—>at+d, p+p—>p+p, #t+d
—>p-+p reactions are formally equivalent to the
corresponding formulae of Mizutani and Koltun
[13]. The nice feature of the Lee-model is that we
obtain a consistent and unified prescription for
calculation of all expressions appearing in the tran-

Appendix 1

Multichannel Scattering Theory to Pionic Reactions

1273

sition amplitudes. Especially, the p-p scattering is
generated by the same Hamiltonian as the other
reactions. Also the effects of renormalization in all
propagators and effective couplings are exactly
taken into account when applying the multichannel
scattering theory.
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Putting SAS=QAQ+ RAR+QAR+ RAQ and expanding the denominator of §(z) in terms of
QAR+ RAQ, we see that only even terms survive which can be resumed yielding

1

-1
(0= 0(> = 000~ QAR , — s RAQ) Q.

(A.1)

(56.21) follows from the fact that the different terms of the denominator of §3(z) and §(z) obey analogous

commutation rules with respect to the mapping I:

QI =1Q, QHYQI=IQH}(1)+ Hy(2)@=1IQAQ,
h3(z)I = I(QAR(z — RAR)1RAQ, + (1+2)),
B3(2) V3(2) Ba(x) I = I(@uAR(: — RAR)1RAQ;: + (1+2)).

The proof for these relations is easily performed by taking matrix elements.

Appendix 2

In order to renormalize §(z) W |12), we take out the term with z= E; yielding (using (5.28) and (5.29))

§(2)W|12) = QG (2)QW |12) = QW13 — (2 — E12)QG (2) S P12,

where G(z) = (z — SAS)-1.

(A.2)

Since § =@ + R, we obtain by expanding and resuming

QG ()8 = QG ()Q + QG(:)QHRG () R.

Applied to P12 = (1 + 22, (1)) (1 + 02,(2))|12), we get with Q% (i) =2; (i1=1,2)
QG (2)8¥12 = §(2) (21 + QHR(: — RHR) 1 RQ: 2, 4 (1 +-2))|12)
=§(2) > W, p/(Er, — Ep) (1 + > | Wy, |2/(Ea, — E,)/(z — Ep, — EB.)) | Byace)
B Bsa
+ (1 =2) =§(2)P(2) (21 + 22)[12).
Here, we have used the convention B= gk, Egp=Ez+ wk, W= ngk. Inserting this result into (A.2)

yields (5.33).

Appendix 3

In order to evaluate the expression (7.5) we observe first, that

QWI—IW)TVE1)VE(©2)|0)=QWRI—IWR) VS (1) VS (2)]0>.
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Now, by (5.29) we have
1
+ = - e o
VEPE@)[00 =(P+8)VHEM) T ©2)]0) = (1 +8 Fra— SAS
= (1 4 8G(E12) SW) PA(E12) |a 2D,
where G (z)=1/(z—SHS). The first equation takes now the form
QUVI — IW) V(1) VL (2)|0) =Q(WI — IW) RG(E12) QW PA (E12) |e102) -

We introduce now a free resolvent Gy(z), Go(z) =1/(z— SHoS), and observe that
RG(2)Q = RGo(z) RWQG(2)@ = RGo(2) RW§(2),
which yields

QWI—IW) V(1) 7V} (2)|0) =Q(WI — IW) RGo(E12) RW Qg (E12) WPA |ty 02) .

Since
QIWRG,RWQ =Q(hs + By' Vs By ") IQ,
QWIRG,BWQ = Q(hs + By 1 (Vs + V1 + Vo) By Y I,
we obtain with help of (5.23) the result
QWI—IW)Vi(1) 7V (2)|0> =QB5' Vi2gs BsWA|az02),

which completes our proof.

Appendix 4

S W) PA(E12)|o1as)

We demonstrate now the equivalence of (9.1) and (6.5). We introduce the operator 7' given by solution

of the standard Fadde’ev equations
T=T1+Te+Ts, Ti=b+tG > Ty, 1,k=1,2,3,

k+1

where ; are given by (5.13) and (5.10) and note that the following relation holds:
T=(14tGo)T(1+ Gotr) + t1 = (1 + t3Go) T'3(1 + Got3) + 3.

(A4)

(A.5)

Here, T and T3 are given by (6.2) and (5.11), respectively. We therefore observe that the operator 7T'q

given by
Ta= (14 t1Go)Ta(1 + Got1) + t1
can be represented by the expansion
Ta=T + (1 4 TGo){U + U[Go(T — t3)Go Ul + U[Go(T — t3)Go U]
“[Go(T —t3)Go Ul + -} (1 +Go T),
where 7 is given by (6.5) and
U= B3QWPAGyAPWQBs.

The validity of (A.7) can be verified by looking at the structure of the expansion for the g,

gp=Go+ Go VpGo+ GoVpGoVpGo + -+,
where V), defined by (5.41), can also be written as
Vp=APWQB3Gy(T — t3)Go BsQWPA.

(A.6)

(A7)

(A.8)

(A.9)

(A.10)
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Our aim is to show that the transition amplitude 7'y can also be generated from the standard Fadde’ev

equations, i.e. we have

To=T1+ T+ Ts, (A.11)
where

Ti=w+76o ) Tr, i,k=1,23, (A.12)
and I*k

=1, Ta=1t, ts=t3+ (1 +t3G)U(l + Got3) =t3+t;5. (A.13)
For the proof of (A.11) we replace U by AU and we expand the solution of (A.12) in powers of 1:

Te= 2 AT, (A.14)

“

In the lowest order we obtain for 7'{?) just (A.4), so that

TO =TO + T + TO=1T. (A.15)
The evaluation of higher orders of the expansion yields

Tgll) =tGo (Tg") + T:(;u)), Téﬂ) =16y (T{") + Tgu)) .

T = t3Go (T + T) + t3- 6p,1 + t3Go (THD + TE-D), (A.16)

We multiply the rows of (A.16) by (1 — V1Gy), (1 — V2Gp) and (1 — V3Gy), respectively, and add them

together yielding

T® = T¥ + T + T¢ = VGo T + (1 — V3Go) (t5* 61 + £3Go (T¢~0 + T,

(A.17)

where V= "V1+ Vs+ V3. Since (1 — VGo)~1= (1 + TGy), (A.17) yields the recurrence relation

TwW =1+ TG)U(1 + Gota) [Go(T~V + T¢~V) + 84u1].

(A.18) has the solution

TW = (1 4+ TGo)U(Go(T —t3)Go U)W (1 4 GoT),

(A.18)

(A.19)

which is immediately verified by induction. Consequently, the sum Z T® is equal to T4 given by (A.7)

"
which completes our proof. Since the 6-d scattering amplitude 7'q is related to the total amplitude 7'
by (A.5) one obtains for 7'q the multiple scattering series (9.1).
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